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Abstract 

In this article, we give a new construction of a Kahler-Einstein metric on 
a smooth projective variety with ample canonical bundle. This result can 
be generalized to the construction of a singular Kahler-Einstein metric on 
a smooth projective variety of general type which gives an AZD of the 
canonical bundle. 

As a consequence, for a proper projective morphism / : X — > S (with 
connected fibers) such that a general fiber is of general type and a positive 
integer m, we construct a canonical singular hermitian metric hE,m on 
ftOx{mKx/ s) with semipositive curvature in the sense of Nakano. 
MSG: 53C25(32G07 53C55 58E11) 
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1 Introduction 

Let X be a smooth projective n-fold with ample canonical bundle defined over 
C. Then by the celebrated solution of Calabi's conjecture ([X jlYlj ). there exists 
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a unique Kahler-Einstein form loe such that 



where RiCajE denotes the Ricci form of the Kahler manifold {X^lue)- 



On the other hand for a complex manifolds with very ample canonical 
forms, there exists a standard Kahler form called the Bergman Kahler form. 

Let us explain more precisely. Let M be a complex manifold of dimension 
n such that the space of canonical forms 

F(%(M,OM(ifM)):={^eH°(M,OM(i^M))|(\/^)"' / 77A77<oo} 

J M 

gives a very ample linear system. Then M admits a Bergman kernel, 
w) := <7i{z) ■ (7i{w) (z, w G M), 

i 

where {ct^} is a complete orthonormal basis of H^2){^'I:^m{Km)) with respect 
to the inner product; 

(77,7/):=(x/^r' / VAf}'. 

Jm 

And 

ujb{z) := ^^dd log B{z,z) {z e M) 

is a Kahler form which is called the Bergman Kahler form on AI. The same 
construction applies for the case of the adjoint bundle of a (possibly singular) 
hermitian line bundle (L, h) on M (see Section 3). 

Both Kahler-Einstein metrics and Bergman metrics are determined uniquely 
by the complex structures. In this sense these metrics are canonical. Hence it 
is natural to study the relation of these metrics. 



Recently S.K. Donaldson found a new construction of Kahler-Einstein met- 
rics or more generally Kahler metrics with constant scalar curvature. Actually 
he found a strong connection between the existence of Kahler metrics with con- 
stant scalar curvature and the asymptotic stability of Hilbert points of projective 
embeddings ( [Doj ) . In particular this implies the connection between the exis- 
tence of Kahler-Einstein metrics and the asymptotic stability of Hillbert points 
of projective embeddings ( [Do] ). 

Let us explain (a part of) his results. Let X be a smooth projective variety and 
let L be an ample line bundle on X. Then for every sufficiently large positive 
integer to, the linear system | mL \ gives a projective embbedding 

$™ : A ^ P^" 



given by 
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where {cg , • • • , crjy" } is a basis of H^{X,Ox{itiL)). Hence $,„ depends on 
the choice of the basis. Let cups denote the Fubini-Study Kahler form on P^™. 
If for some choice of {cl^\ • • • , c^''} the equahty 



holds for every ^ i,j ^ Nm (i.e.,{(TQ , • • • , crj!p } is orthonormal with respect 

to the L^-inner product with respect to the hermitian metric (X^t^o I ^''i''"' P)^^ 
on mL and the volume form {^'^lufs)"')i the Kahler form 



is called balanced (or critical). The Hilbert point of <i>m(X) is stable, if 
and only if there exists a choice of the basis {o'q"^\ • • • , crj^-*} such that $,„ is 
balanced ([Z]). Donaldson's theorem is stated as follows. 

Theorem 1.1 f JDo[ p. 482, Theorem 3]) Let X he a smooth projective variety 
and let L he an ample line bundle on X. Suppose that Aut{X,L) is discrete. 
If X admits a Kahler form u) cohomologous to 27rci(L) with constant scalar 
curvature, then for every sufficiently large m, ^„i{X) is stahle (this property is 
called that {X, L) is asymptotically stable). And the limit of the balanced Kahler 
forms {cOm} exists in -topology and the limit is a Kahler form with constant 
scalar curvature. □ 

In short Theorem 11.11 gives a construction of a Kahler form with constant scalar 
curvature as the limit of s sequence of balanced Kahler forms. And Theorem 
II. H is closely related to the asymptotic expansion of Bergman kernels ([C t IZe j ). 



In this article, we shall give a new construction of Kahlcr-Einstein forms 
with negative Ricci curvature as a limit of Bergman Kahler forms. The purpose 
of this article is to relate Kahler-Einstein forms and Bergman Kahler forms in 
the case of projective manifolds with ample canonical bundle or more generally 
projective manifolds of general type. 

Let X be a smooth projective n-fold with ample canonical bundle. Let mg 
be a positive integer such that : 

1. I mKx I is very ample for every m ^ toqi 

2. For every pseudoeffective singular hermitian line bundle (i, /iL)(cf. Defi- 
nition [1131 below), Ox{moKx + L) ®X{hL) is globally generated. 

The existence of such mg follows from Nadel's vanishing theorem ([Nl p.561]). 

Let /imo be a C°° hermitian metric on m^Kx with strictly positive curvature. 
Suppose that we have constructed Km and the C°° hermitian metric /i™ on 
mKx- Then we define 




(m) (m) 



•m 



m 



Km+, -.^KiX, {m + l)Kx,hm) 
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and 

hm+l '■= l/K,n+i, 

where K{X, (m + l)Kx, hm) denotes (the diagonal part of) the Bergman kernel 
of (m + l)Kx with respect to hm constructed as follows. 

Let {o'o™^^^ ' ' ' 1 '^wl+i^} be the complete orthonormal basis of 
Ox{{m + l)Kx)) with respect to the inner product 



((7,t) := (x/^)"^ / h^-aAf {a,r e H'^{X,Ox{{m + l)Kx))). 
Jx 

Then for x € X we define 



K^+i{x) = K{X,{m+l)Kx,h^)ix) 

4=0 

where for a global section cr of (m + l)Kx, \ cr P denotes the global section 
cr • a- of {Kx «) We note that by the choice of mo, | (m + l)Kx \ is 

very ample. Hence hm+i '■= ^/Km+i is a C°° hermitian metric on (m + l)Kx- 
Inductively we construct the sequences {/im}m>mo ^-"^"^ {Km}m>mo- This is the 
same construction originated by the author in jT3j . 

The following theorem is the main result in this article. 

Theorem 1.2 Let X be a smooth projective n-fold with ample canonical bundle. 
Let niQ and {/im}m>mo be the sequence of hermitian metrics as above. Then 



/loo := liminf '\/(m!)" • h^ 

rn — ^cxj 

is a C°° hermitian metric on Kx such that 

ujoo V^Qh^ 

is a Kdhler form on X with 

-Ric^^ = ujoo. 

□ 

Remark 1.3 The existence of the limit h^o has already been proved in \T3f . 
For the case of smooth projective varieties of non-general type see \T3l \ T5f . □ 

The construction of Kahlcr-Einstcin form in Theorem 11.21 is more straight- 
forward than the one in Theorem 11.11 And Theorem 11.21 seems to imply that 
the sequence of Kahler forms 



induced by the projective morphisms <i)(™) : X — > P^'"(m > mo) defined by 
$W(x) = [4'")(x):...:a^")(x)] {x & X) 
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is asymptotically nearly balanced. 

We can generalize Theorem 11.21 to the case of the maximal Kahler-Einstein 
current (cf. Definition [ST^]) on a smooth projective variety of general type whose 
canonical bundle is not necessarily ample (Theorem 15. 6p without any essential 
change. And this immediately implies the uniqueness of the maximal Kahler- 
Einstein currents on smooth projective varieties of general type (Theorem lS.ip . 

This enables us to deduce the logarithmic plurisubharmonicity of Kahler- 
Einstein volume forms on a projective family (cf. Theorem II. 4p by using the 
recent result on variation of Bergman kernels ( [Bl|, IB21 IBS) IT5| ) . And we are 
able to study the degeneration of Kahler-Einstein currents on projective families 
of varieties of general type. 

Theorem 1.4 Let f : X — > S be a proper projective morphism with connected 
fibers betweem smooth varieties. Let S° denote the maximal Zariski dense subset 
of S such that f is smooth over X° := f~^{S°). Suppose that a general fiber 
of f is a smooth projective variety of general type. Let oJ^/g be the family of 
relative maximal Kahler-Einstein currents on X° (cf. Definition \5.'/3^) . Let 
he the singular hermitian metric on Kx/s\X° defined by 

h% := {uj'%/s) ^, 

where n denotes the relative dimension of f : X > S. Then we have the 

fallowings : 

L h°^ extends to a singular hermitian metric hE on Kx/s- 
2. The curvature current of He is semipositive on X. 

□ 

Theorem 1 1 . 41 implies the following refinement of Kawamata's positivity theorem 
( \Ka\ p. 57, Theorem 1]) for the direct image of the relative pluricanonical bundle 
in the case that a general fiber is a variety of general type. 

Theorem 1.5 Let f : X — > S be a proper projective morphism with connected 
fibers betweem smooth varieties. Let S° denote the maximal Zariski dense subset 
of S such that f is smooth over X° := f~^[S°). Suppose that a general fiber of 
f is a smooth projective variety of general type. Let hE be the singular hermitian 
metric on Kx/s *^ Theorem \1.4\ 

Fm '■= f*Ox{'mKx/s) is locally free on S° and Fm \ S° carries the continu- 
ous hermitian metric hE.m defined by 

hE,m{'^,r):={V^r" f h'f^-^-ahf {a,T e H°{X,,OxAmKxJ)), 

where n denotes the relative dimension of f : X > S . Then we have the 

fallowings. 

1. The curvature m of hE.m is semipositive in the sense of Nakano. 

2. Let x (z S — S° be a point and let a be a local holamarphic section of Fm an 
a neighbourhood U of x. Then ^7— 199 log hE.mi<^, c) extends to a closed 
positive current across {S — S°) n U . 



5 



□ 

Remark 1.6 If Kx/s relatively ample, then liE.m is C°° on S° . □ 

Theorem II .41 has several apphcations. For example it immediately gives canon- 
ical positive line bundles on the moduli space of canonically polarized varieties 
with only canonical singularities. Such applications will be discussed in the 
subsequent papers because of the length. 

We should note that the convergence in Theorem 11.21 is much weaker than 
in Theorem 11.11 And Theorem 11.21 does not say anything about Kahlcr forms 
with constant scalar curvature at the moment. 

2 Preliminaries 

In this section, we shall review the basic terminologies used in this paper. 
2.1 Singular hermitian metrics 

In this subection L will denote a holomorphic line bundle on a complex manifold 
M. 

Definition 2.1 A singular hermitian metric h on L is given by 

h = e~'^ ■ ho, 

where Hq is a C°° hermitian metric on L and (p G L\^^{M) is an arbitrary 
Junction on M. We call Lp a weight function of h. □ 

The curvature current of the singular hermitian line bundle {L, h) is defined 

by 

e,, := e,,„ + V^aavj, 

where dd is taken in the sense of a current. The L^-sheaf {L, h) of the singular 
hermitian line bundle [L, h) is defined by 

C\L,h){U) := {a e T{U,Om{L)) \ h{a,a) e LI^{U)}, 

where U runs over the open subsets of M. In this case there exists an ideal 
sheaf 1(h) such that 

£2(L,/i) = Om{L) ®I{h) 
holds. We call I{h) the multiplier ideal sheaf of (L, h). If we write h as 

h = e^^ ■ ho, 

where ho is a C°° hermitian metric on L and ip E L\^^{M) is the weight function, 
we see that 

J{h)^C'{OM,e-'P) 
holds. For p e L\^^{M) we define the multiplier ideal sheaf of tp by 
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Example 2.2 Let a € r{X,Ox{L)) be the global section. Then 

1 _ hp 
I cr p hQ{a,a) 

is a singular hermitian metric on L, where Hq is an arbitrary C°° -hermitian 
metric on L (the right hand side is obviously independent of ho). The curvature 
Qh is given by 

Qh = 27rV^(a) 

where (a) denotes the current of integration over the divisor of a. □ 

Definition 2.3 L is said to be pseudoeff"ective, if there exists a singular her- 
mitian metric h on L such that the curvature current Oh is a closed positive 
current. Also a singular hermitian line bundle {L, h) is said to be pseudoef- 
fective, if the curvature current Qh is a closed positive current. □ 

2.2 Analytic Zariski decompositions 

Let L be a pseudoefFective line bundle on a compact complex manifold X. To 
analyze the ring : 

R{X,L) = e,5^^oiJ"(X,Ox(mi)) 
it is sometimes useful to introduce the notion of analytic Zariski decompositions. 

Definition 2.4 Let M be a compact complex manifold and let L be a holomor- 
phic line bundle on M. A singular hermitian metric h on L is said to be an 
analytic Zariski decomposition, if the followings hold. 

1. Qfi is a closed positive current, 

2. for every m > 0, the natural inclusion 

H°{M,OM{mL)<»I{h"')) H"{M,OM{mL)) 

is an isomorphim. □ 

Remark 2.5 // an AZD exists on a line bundle L on a smooth projective variety 
M , L is pseudoeffective by the condition 1 above. □ 

It is known that for every pseudoefFective line bundle on a compact complex 
manifold, there exists an AZD on L (cf. [HI [T2l [EES] ) • 

The advantage of the AZD is that we can handle pseudoeffective line bundle 
L on a compact complex manifold X as a singular hermitian line bundle with 
semipositive curvature current as long as we consider the ring R{X, L). 

3 Variation of adjoint line bundles 

In this section we shall review the results in [T5j . 
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3.1 Theorems of Maitani-Yamaguchi and Berndtsson 

In 2004, Maitani and Yamaguchi proved the following theorem. 

Theorem 3.1 fjM-Yf ) Let Q, be a pseudoconvex domain in Cz x <Cw with 
boundary. Let U,t := f2 n (Cz x {i}) and Let K{z, t) be the Bergman kernel 
function of VLt . 

Then \ogI'C{z,t) is a plurisubharmonic function on 51. □ 

Recently generalizing Theorem 13.11 B. Berndtsson proved the following higher 
dimensional and twisted version of Theorem 13.11 

Theorem 3.2 fllBlf ) Let D be a pseudoconvex domain in <Cl X And let 
be a plurisubharmonic function on D. For t £ A, we set Dt := Q D (C" x {t}) 
and (pt := (p \ Dt- Let K{z, t){t G C^) be the Bergman kernel of the Hilbert space 



Then \ogK{z,t) is a plurisubharmonic function on D. □ 

As in mensioned in B2], his proof also works for a pseudoconvex domain in a 
locally trivial family of manifolds which admits a Zariski dense Stein subdomain. 
Also he proved the following theorem. 

Theorem 3.3 f JBSl Theorem 1.1]) Let us consider a domain D = U x Q, and 
let (j) be a plurisubharmonic function on D. For simplicity we assume that (j) is 
smooth up to the boundary and strictly plurisubharmonic in D. Then for each 
t G U , (pt '■= is plurisubharmonic on Q. Let be the Bergman space of 

holomorphic functions on with norm 



The spaces A^ are all equal as vector spaces but have norms that vary with t. 
Then "infinite rank" vector bundle E over U with fiber Et — A^ is therefore 
trivial as a bundle but is equipped with a notrivial metric. Then {E,\\ \\t) is 
strictly positive in the sense of Nakano. □ 

In Theorem l3.2l the assumption that Z? is a pseudoconvex domain in the product 
space is rather strong. And in Theorem l3.31 Berndtsson also assumed that D is 
a product. 

3.2 Variation of hermitian adjoint bundles 

Recently Berndtsson and I have independently generalized Theorems 13.21 and 
l3.3l to the case of projective families. The strategis of the proofs of |B3| and |T5| 
are completely different. Although 'T5] depends heavily on [Bll IB2] . the result 
of |T5| . is substantially stronger than that of jB3| . In fact in |B3| . Berndtsson 
only consider the case of smooth fibrations, but in |T5| , the method applies to 
the case of general projective fibrations which posseses singular fibers. 





8 



Theorem 3.4 fJTSf ) Let f : X — > S be a projective family of projective vari- 
eties over a complex manifold S . Let S° be the maximal nonempty Zariski open 
subset such that f is smooth over S° . 

Let (L, h) be a singular hermitian line bundle on X such that is semi- 
positive on X . 

Let Kg := K{Xs,Kx + L \x^Th \x^) be the Bergman kernel of Kx^ + [L \ Xs) 
with respect to h \ Xg for s €z S° . Then the singular hermitian metric Hb of 
Kx/S + L\ f-HS°) defined by 

Hb I X, -.^K^^seS^) 

has semipositive curvature on f~^{S°) and extends on X as a singular hermitian 
metric on Kx/s + with semipositive curvature current. □ 

Theorem 3.5 (\T3^ ) Let f : X — > S be a projective family of over a complex 
manifold S such that X is smooth. Let S° be a nonempty Zariski open subset 
such that f is smooth over S° . Let {L,h) be a hermitian line bundle on X 
such that Qh is semipositive on X. We define the hermitian metric hE on 
E:= f,Ox{Kx,s + L)\S° by 

/i£((j,r) := (7^)"' / h-ahf {a,T e H°{X,,OxAKx, + L \xj)), 

where n denotes the relative dimension of f : X > S. Let Sq be the maximal 

Zariski open subset of S such that E \ Sq is locally free. Then {E, hE)\So is 
semipositive in the sense of Nakano. Moreover if Qh is strictly positive, then 
{E,hE)\SQ is strictly positive in the sense of Nakano. 

Let t G S — {S°nSo) be a point and let a be a local nonvanishing holomorphic 
section of E on a neighbourhood U oft. Then \J — Idd log hE{o',a) extends as a 
closed positive current across (S — {S° D Sq)) HU . O 

Proof of Theorems \3.4\ and \3.5\ 

Let / : X — > 5 be a projective family. Since the statement is local we may 
assume that S is the unit open ball B with center O in C™. We may also and 
do assume that the family / : X — > i? is a restriction of a projective family 

f:X^B{0,2) 

over the open ball 5(0, 2) of radius 2 with center O. Let 

F -.Xx B{0, 2) — > B{0, 2) x B{0, 2) 

the fiber space defined by 

F{x,t) = if{x),t). 
Let e be a positive number less than 1 . We set 

T{e) = {(s,t) e B(0,2) X B(0,2) \teB,se B{t,e)} 

and 

Xie) -.^F-^Tie)). 
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Let 

A : X{e) B 

be the family defined by 

Since for {x,t) e X{e), x G f^^{B{t,e)) holds, we see that 

Xie)t ■.= f-\Bit,e)) 

holds. Hence we may consider X{£)t as a family 

Tr,,t : X{e,t) B{t,e). 

We note that T(e) is a domain of holomorphy in C^™. Hence X{e) is a pseudo- 
convex domain in X x B{0,2). Since X x B{0,2) is a product manifold, the 
proof of Theorem 13. 21 works without any essential change in this case (cf. [Bl]). 
Hence if we define by 

K, I X{e)t K{X{e)t,Kx + L \ X{e)u \ X{e)t), 

then 

V^ddlogK^^O (1) 

holds on X{e). We note that 

limYol{B{t,e))-K{X{e)t,Kx+L \X{e)t,hL \X{e)t) = KiX^Kx^+L \Xt,h\ Xt) 

(2) 

holds. In fact, if we consider the family 

7T,,t- X{e) ^ B{t,e) 
as a family over the unit open ball B in C™ with center O by 

t' ^ e-^it' -t), 

the limit as e | is nothing but the trivial family Xt x B. We note that for a 
L-valued canonical form a on f^^{B(t,e)), 

hE{cr,a) 

B(t,e) 

is nothing but the L'^-norm of the L-valued canonical form a with respect over 
f^^{B{t,e)) by Fubini's theorem, where we abbrebiate the standard Lebesgue 
measure on C™ . Then the desired equality follows from the L^-extension theorm 
( [0-T|, [Q]) and the extremal property of the Bergman kernels. 
Combining ([T|) and ^ , we complete the proof of Theorem 13.41 
The proof of Theorem 13.51 is quite similar. First we note that 

f, : X{e) ^ B 

is everywhere smooth. 

For the moment, we shall assume that E is locally free on B{0,2). Then 
there exists a global generator {cti, • • • , ar} of E on B{0, 2), where r ~ rankii^. 
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Then we see that every t £ B, the fiber of the vector bundle (/e)*Ox(e) {^x{e) /b + 
at t is canonically isomorphic to C x 0{B{t, e)) in terms of the frame 
{(Ti, • • • ,(Tr}- And moreover the space 0(B(t, s)) is canonically isomorphic to 
0{B{0,e)) by the parallel translation. In this case 

Ee ■■= {.fe,(2))*Ox(e){Kxie)/B ^ P*lL ^I{plh)) 

is a vector bundle of infinite rank on B, where 

Pi : X{e) X 

denotes the first projection 

pi{x,t)=x, {x,t)eX{e) 

and {fE,(2))*Ox{E){Kx{e)/B ® Pi^ ®X{p\h)) denotes the direct image of L?- 
holomorphic sections. 

By the same proof as Theorem l3.31 we see that the curvature current of hE.e 
is well defined everywhere on B and is semipositive in the sense of Nakano. Let- 
ting e tend to 0, the curvature Qhe^ converges to the curvature Qhe operating 
on Et ® OB,t in the obvious manner for every t such that / is smooth over t. 
Hence is semipositive in the sense of Nakano. 

Let t e S~ {S°nSo) be a point and let ct be a local nonvanishing holomorphic 
section of £' on a neighbourhood U of t. Since the assertion is local, for the 
proof we may and do assume a is defined on B{0,2). The existence of the 
extension of the current \/~ldd log hE{<J, <j) can be verified as follows. 

Let us begin the following lemma which follows from (B-T;, p. 2 7, Corollary 
7.3]. 

Lemma 3.6 ( JB-T\ Corollary 7.3J) Let {Tk}'^i is a sequence of closed positive 
(1, 1) current on the unit open disk A in C. Let Tk = ^/ —Iddipk. Suppose that 
(pfe is L'^^ on A and {^Pk} converges to a plurisubharmonic function tp on the 
punctured disk A* = A — {O}. Then {Tfc} converges to a closed positive current 
on A. □ 

Let us consider the current 

n V^BA log{ / hE{a, a)} 

VOl(B(s,l/fc)) JB(s„l/k) 

on B ior k ^ 1, where the integration is taken with respect to the standard 
Lebesgue measure on C™. We note that since 
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V0l(B(s,l/fc)) JB{sS/k) 

is plurisuperharmonic 



VOl(B(s,l/fc)) JB(s,l/k) 

is monotone increasing. By Lemma 13.61 see that \/—ldd log h e {cr, cr) is 
canonically extended across t £ B where E is locally free (here m — dim B may 
be bigger than 1, but we may use slicing by curves to apply Lemma [ 
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Next we shall consider the extension across the point where E is not locally 
free. In this case we just need to slice B by complex curves passing through the 
curve. Since every torsion free coherent sheaf over a curve is always locally free, 
we see that ^/^dd\oghE{<J, cr) is canonically extended across all the points on 
B. The extension of /is in Theorem 13.41 is similar. 

This completes the proof of Theorems 13.41 and 13.51 □ 

4 Proof of Theorem 11.21 

Let X be a smooth projective n-fold with ample canonical bundle. Let mo be 
a positive integer such that : 

1. I mKx I is very ample for every ni ^ toqj 

2. For every pseudoeffective singular hermitian line bundle {L,hL), 
Ox{nioKx + L) ®I{hL) is globally generated. 

Let hmo be a C°° hermitian metric on m^Kx with strictly positive curvature. 
Let {hm\m>mo ^^'^ {Km\m>mo be the scqucnces of hermitian metrics and 
Bergman kernels constructed as in Section 1, i.e., {hm}rn>mo ^-"^"^ {Km\m>mo 
are defined inductively by 

K„,+i = K{X, Kx + mKx,h„,) 

and 

hm+l = l/^m+l- 



Let uje be the Kahler-Einstein form on X such that 

Let cIVe = (n!)^^cj^ be the volume form associated with {X,uje)- 

Lemma 4.1 

limsup V(w!)-"ifm ^ {2TTydVE 

m — >oo 

holds on X . n\ 

Proof. Let us consider the hermitian line bundle {Kx,dVE) on X. Let p E X 
be a point. Then by the Kahler-Einstein condition, there exists a holomorphic 
normal coordinate (U, zi, ■ ■ ■ , Zn) such that 

n 

dVE^ = {11(1- I n + 0(11 z f )}• \dziA---Adzn (3) 
holds. Suppose that 

C„i-i • dV^" ^ ^ Km-i 
holds on X for some positive constant Cm-i- We note that 

=sup{| a p {x);a e H"{X,Ox{mKx)),{V^r' I • a A 5 = 1} 

Jx 

(4) 
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holds for every x € X , by the extremal property of the Bergman kernel (This is 
well known. See for example, [Krl p. 46, Proposition 1.3.16]). We note that for 
the open unit disk A ^ {t € C \ | i |< 1}, 

/ ii^\t\'rdtAdi=^ (5) 

J A m + 1 

holds. Then by Hormander's L^-estimate of 5-operator, we see that there exists 
a positive constant Am such that 

(A„ • (2^)-" • m") • • dT/™ ^ Kra (6) 

with 

A„^l--^, 
where C is a positive constant independent of m. 

In fact this can be verified as follows. Let a; € X be a point on X and let 
([/, zi, ■ • • , Zn) be the normal coordinate as above. We may assume that U is 
biholomorphic to the polydisk A"(r) of radius r with center O in C" for some 
r via (zi, • • • ,Zn)- 

Taking r sufficiently small we may assume that there exists a C°° function 
p on X such that 

1. p is identically 1 on A"(r/3). 

2. 0^ p^l. 

3. Supp/9 cc U. 

4. I dp |< 3/r, where | | denotes the pointwise norm with respect to w^;. 

We note that by the equation the mass of p-{dzi A • • • A(iz„)®™ concentrates 
around the origin as m tends to infinity. Hence by ([5]) we see that the L^-norm 

II p ■ {dzi A • • • A dz„)«" II 

of p ■ {dzi A • • • A (iz„)®™ with respect to (dye) ®™ and uje is asymptotically 

iip-(dziA---Adz„)«"ir~(— r (7) 

m 

as m tends to infinity , where ~ means that the ratio of the both sides converges 
to 1. We set 

n 

4> := nplogY^ \zi\^ . 

i=l 

We may and do assume that m is sufficiently large so that 

m- u)E + V^dd(j) > 

holds on X. 

By (O, the L^-norm 

II a(p • (dzi A • • • A dz„)»™) lu 
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of d{p ■ {dzi A • • • A dznf"^) with respect to e""^ • (dF^)-®™ and uje satisfies the 
inequahty 

II dip ■ (dz, A • • • A lll^ Co ■ (^)'"+'(^)" (8) 

for every m, where Cq is a positive constant independent of m. 

By Hormander's L^-estimate applied to the adjoint fine bundle of 
the hermitian line bundle ((m — l)Kx,e~'^ ■ dV^^™"^''), we see that for every 
sufficiently large m, there exists a C°° solution of the equation ; 

Bu = dip ■ idzi A • • • A dz™)®") 

such that 

uix) = 

and 

\\u\\l^-\\ dip-idz,A---Adz,rn \\l 
m 

hold, where || H^'s denote the norms with respect to e^"^ • dV^ '™ and ue 
respectively. Then p ■ (dzi A • • • A dzn)®"^ — u is a holomorphic section of mKx 
such that 

ip ■ idzi A • • • A dzn)'^"' - u)ix) = idzi A • • • A dz^)"" 

and 

II p ■ idz, A • • • A dz„)®" -uf^il + Co- (-)'"+^/^)(— )". 

r y m m 

Hence by induction on m, using ^ and we see that there exist positive 
constants C and C such that for every m > mg 

K„, ^ C'i n (1 - -^)) • (™!)" • (2^)-"" • dVE' 

k—mo 

holds on X. This implies that 



limsup V(^^i!p^^ (27r)-"dF£; 



holds on X. □ 
Lemma 4.2 



<i /It /I 

/lo/ds, where Nk := dim | kKx \= dimH"iX,OxikKx)) - 1. □ 
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Proof. By Holder's ineqality we have 



^/ir~ - f ■ 

Jx K--_\ 

S if -^■Kt\)--if KtX) 
Jx K'""~] Jx 

rri — 1 

J X Jx 

= (iV„, + l)^.(/ x^)^ 



X 



Then continuing this process, by using 

Jx Jx 



IX 

we have that 



(X,„)^ ^ {{N„^ + 1) • (iV„,-l + 1)}™ • ( / {K,r^-2)^)- 

X Jx 
holds. Continueing this process we obtain the lemma. □ 



Using Lemma 14.21 we obtain the following lemma. 
Lemma 4.3 



1 f 1 i^" 

limsup-— ^ / (i^,„)- ^ 



(to!) 
holds. □ 

Proof. By the Kodaira vanishing theorem, 

H^X,Ox{mKx))^0 

holds for every to ^ 2 and q ^ 1. Then by the Hirzebruch Rieniann-Roch 
theorem, we have that 



Nm + l = ^to" + 0(to"-1) 



K 

holds. Then by Lemma we see that 



1 f 1 K" 

limsup— / {K,n)- ^ 



(to!) m Jx n\ 
holds. □ 

Combining Lemmas 14.11 and 14.21 we have the equality, 
limsup . ].„ = (27r)""dyE, 

m^oo (m!)>" 
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since 

Jx n\ Jx nl 

hold by the Kahler-Einstein condition. This completes the proof of Theorem 
O □ 

5 Dynamical construction of Kahler-Einstein cur- 
rents 

In this section we shall generalize Theorem 11.21 to the case of general smooth 
projective varieties of general type. 

5.1 Existence of Kahler-Einstein currents 

In this subsection, we shall review the existence of a Kahler-Einstein current 
on a smooth projective variety of general type. Allowing singularities, there are 
infinitely many choice of Kahler-Einstein metrics. But we focus on the metrics 
with minimal singularities. 

Theorem 5.1 Let X be a smooth projectie n-fold of general type. Then there 
exists a closed positive current loe on X such that 

1. lue is C°° on a nonempty Zariski open subset U of X . 

2. uje is a Kahler-Einstein metric on U with 

UE = -RiCi^E 

on U. 

3. The singular hermitian metric {uj^)~^ is an AZD of Kx- 

□ 

Definition 5.2 Let X be a smooth projectie n-fold of general type and let lue be 
the closed positive current on X as in Theorem \5.1\ We call lue the maximal 
Kahler-Einstein current on X . D 

Remark 5.3 Later we will see that the maximal Kahler-Einstein current is 
unique. □ 

Proof of Theorem \5.1\ The proof is more or less parallel to that of [HI Theorem 
5.6, p. 430]. Let toq be a sufficiently large positive integer such that | mlKx \ 
gives a birational embedding of X for every m ^ niQ. Let 7r,„ : X.^ — > X be 
the resolution of Bs | m\Kx \ such that for every m > toq 

TTm : Xm » X 

factors through 7r,„_i : X„i^i — > X. Let 
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be the natural morphism. Let 

< \ m\Kx\^P^\+F^ 

be the decomposition of tt^ | m\Kx \ into the free part | Pm \ and the fixed 
component Fm- Let V be an analytic subset of X defined by 

V :— {x ^ X \ '^Yn\Kx\ n-Ot an embedding on an neighbourhood of x for some m ^ 
There exists an effective Q-divisor on Xm respectively such that 

1. Pm — E„i is ample on X„i- 

2. Suppi^m is contained in 7r~^(T^). 

3. ((m + l)!)-i(P,„+i - Em+i) - tC+,{m\)-\Pm - is effective. 

hold for every m ^ too. After taking such a sequence {£",«}, we replace {Em} 
by {2~"^Em}- Then it has the same properties as above. And we shall denote 
{2-^Em} again by {Em}. 

Then by [HI Theorem 5.6], there exists a closed positive current ujm on Xm 
such that 

1. — Ric^j^ = Um holds on Xm — Supp Em, 

2. The absolutely continuous part of uJm represents 27r(m!)~^(Pm — Em) 

3. {TTm)*^m represents the class 2ttci{Kx), 

Let us consider {uSm} as a sequence of volume forms on X — V. And we shall 
identify {'!rm)*^m and on A" — y. Then by the maximum principle we see 
that 

holds on A — y, by using the Einstein condition. 
Let 

fx-.Y — > X 

be a modification such that fi^^{V) is a divisor with normal crossings. Let H 
be a sufficiently ample divisor on Y such that 

D fi-\V)+H 

is a divisor with normal crossings and Ky + is ample. By jKob| , there exists a 
complete Kahler-Einstein form coo on Y — D. Let us consider lud as a complete 
Kahler form on A — ^J.{D). On the other hand by Yau's Schwarz lemma ( [Y2J ) , 
we see that 

holds on A — for every m. Hence by moving D, 

lim w^J, 

m — *cx3 

exists on A — y. 

Now we shall consider the uniform C^-estimate on every compact subset of 
X — V. Let F be an effective Q-divisor on A such that 
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1. Kx — F is ample. 

2. TT^-F — -Em is effective and Supp [ir^F — Em) contains Suppi^m. 

The existence of such a divisor F follows from the proof of Kodaira's lemma. 
Let H he & smooth very ample divisor on X. Considering the exact sequence 

^ H\X,Oxmx-H)®Iv) ^ H\X,Oxmx)) ^ 

for £ >> 1, we may find an effective member F' e| H^{X,Ox{iKx - Fl))\. 
Then Kx — £~^F' is ample. Then F can be taken as i~^F'. By this argument 
we see that flirSuppF = V holds, where F runs all such F's. Let 

F = J2aiFi 

be the irreducible decomposition of F. Let (Ji be a global section of OxiFi) 
with divisor Fi respectively. Let J7 be a C°°-volume form on X. Then since 
Kx — F is ample, there exist hermitian metrics {hi} of {Ox{Fi)} respectively 
such that 

uiF := — Ricfi — y/^y^ajQhj 

i 

is a Kahler form on X. We note that n^F — Em is effective. Let Um be a 
C°°-function on X — D such that 

Wrn = + V^ddUm 

and 

o TT II 112^ = 

hold. Wc note that Um is identically +oC' on F by the choice of F. Hence there 
exists a point po ^ X — F, where Um takes its minimum. Then 

holds. Hence 

holds. This implies that 



UmiPo) ^ log^^-^^-^5— p^(po) 



holds. Hence we see that 



holds for every x G X — V. 

Similarly if Um + J2i '^^i II II t^kes its maximum at a point p'q onX — V, 

since 

log -jY^ = Wm + X! 2aaog II a, || 
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holds. We note that since tt^F — E,n is effective, 

Urn + ^ 2ai log II (T,, ||== ~CO 
i 

holds on Supp F . This means that such a point p'^ certainly exists. At we 
have that 



yzTaaiog^^(p;,)^o 

holds. Hence noting is Kahler-Einstein, we see that 
holds and 

+ \ On, Ino- II rr, IK Intr .L^ 
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^2aaog||a, ll^log^^j^b;,) 



holds on X. 

By the above consideration we have the following lemma. 
Lemma 5.4 There exists a positive constant Cq independent of m such that 

-Co ^ u„ ^ Co - ^ 2ai log II cTi \\ 

i 

hold on X ~V. □ 

Lemma 5.5 ([TOt p. 127, Lemma 2.2])) We set 

n 

Let C be a positive number such that 

C + infi?j,« > 1 

holds on X , where Rfiu denotes the bisectional curvature. 
Then 

e'^"'"A„(e-^""(?i + AfUm)) ^ (n + Af Um) 
+ Af (/ + ^ 2aaog II fx, II ) + (n + inf R,ju) 

i 

+C • n(n + Af Um) + (n + Af exp( ^—Um + /) 

n — 1 

holds, where A^ denotes the Laplacian with respect to LOp {i.e., A^ = tracCi^^^ T9i9) 
and A„i denotes the Laplacian with respect to lu„i. 
□ 

Let xq be the point where e^'^"™(n + Au„i) takes its maximum. Then 

^ n + AFUm(xo) ^ Ca 

holds. 

^ n + Af Mm ^ exp(C(Um - Um{xQ)) ■ C2 
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By Lemma 15.41 there exists a positive constant C3 such that 

i 

holds onX -V. 

Applying the general theory of fully nonlinear elliptic equations ( ^Trj ) , mov- 
ing F, we get a uniform higher order estimate of Um on every compact subset 
oi X — V. Letting m tend to infinity, we see that by the monotonicity of {oj"^} 

uje hm 

m — ^00 

exists in C°°-topology on every compact subset oi X — V . Then it is clear 
that loe 'is Kahler-Einstein. By the construction of {E„i\ and the monotonicity 
of {w^}, we see that is an AZD of Kx- This completes the proof of 

Theorem O □ 

5.2 A generalization of Theorem 11.21 

Let A" be a smooth projective n-fold of general type whose canonical bundle is 
not necessarily ample. 

In this case we may also define the dynamical system of Bergman kernels as 
in the case that X has ample canonical bundle. In fact the construction of the 
dynamical system of Bergman kernel is parallel except the following differences. 

1. The starting line bundle is not a multiple of Kx^ but a sufficiently ample 
line bundle. 

2. The hermitian metrics {hm\ are singular. 

Let us explain in detail. Let A he a. very ample line bundle on X such that for 
every pseudoeffective singular hermitian line bundle {L,hE), 
OximoKx + L) ® is globally generated. 

The existence of such A follows from Nadel's vanishing theorem (pTI, p. 561]). 

Let /iQ be a C°°-hermitian metric on A with strictly positive curvature. Let 
{(Tq^\ • • • , be a complete orthonormal basis of H^{X, Ox {A + Kx)) with 
respect to the inner product 

(a,r) (x/^)"^ [ ho-<jAf {a,T e H°{X,Ox{A + Kx))), 
Jx 

where we have considered a and r as A- valued (n, 0) forms. We set 

i=0 

and 

hi := 1/Ki. 

It is clear that Ki is independent of the choice of the orthonormal basis {crj^'' , • • • , c 
Suppose that hm is defined for some m ^ mo + 1. Then we define h„i+i as fol- 
lows. Let {ctq™^^'', • • • jCrj^^^^-*} be a complete orthonormal basis of iJ*' (X, Ox (^+ 
(m -f- l)Kx)) with respect to the inner product 

(a,T) (V^)"^ / hm-aAf {a,T e H''{X,Ox{{m + l)Kx))). 
Jx 
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Then we define 



N„ 



+ 1 



(m+l)i2 
i=0 

and 

hm+l '■= ^/K-m+l 

inductively. 

Theorem 5.6 Let X be a smooth projective n-fold with ample canonical bundle. 
Let A and {hm}m>i '^^ above. Then 



hoc := liminf {m\Y ■ km 

m — >oo 

is a hermitian metric on Kx such that 

is a Kdhler- Einstein current loe on X as in Theorem \5.1\ □ 



The proof of Theorem 15.61 is essentially the same as the one of Theorem 1 1.21 
Similarly to Lemma |4.H we obtain the following lower estimate. 



Lemma 5.7 



holds. □ 



Lemma [5.71 can be obtained just as in the proof of Lemma ITTl In the proof of 
Lemma [4.11 we have considered all the points on X, but here we only need to 
consider points on 

X° :— {x ^ X \ ^\rnKx\ embedding on a neighbourhood of x for some positive integer to}. 

X° is the locus where is C°° strictly positive form. In fact the proof of 
Lemma ITT] is essentially local (as to tends to infinity). 

For the upper estimate, we set 

n{X,Kx) = n\ ■ \imsupm-"dimH°{X,OximKx)). 

m — >oo 

Then by the same manner as the proof of Lemma 14.31 we obtain the following 
lemma. 

Lemma 5.8 ^ ^ 

m^oo (to!)"/™ n> 

holds. □ 

Let TTm '■ Xjn — > X be the resolution of Bs | mlKx \. Let 

< \ mlKxHPm\+Fm 
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be the decomposition of tt^ | mlKx \ into the free part | P„i \ and the fixed 
component Fm- By Fujita's theorem ([F] p.l, Theorem]), we see that 

lim -^^^,{X,Kx) 

m^oo (mil 

holds. Then by the construction of a;^; (cf. Section [?TT1) . we see that 

(27r)" Jx n\ 
holds. Hence combining Lemmas 15.71 and 15.81 we obtain that 

lim sup 1 [ {K^)^ = (2^)-" / dVE 

and 

limsup = i2nr^dVE 

hold. This completes the proof of Theorem 15.61 □ 

Corollary 5.9 Let X be a smooth projective variety of general type. Then the 
maximal Kdhler- Einstein current (cf. Definition \5.^) is unique. □ 

6 Proof of Theorems 11.41 and 11.51 

In this section we shall prove Theorems 11.411.51 by using Theorems 11.215.61 
Roughly speaking, Theorems 1 1 . 2 15 . 51 imply that what we can say about Bergman 
kernels also holds for Kahler-Einstein volume forms. 



Proof of Theorems \1.4\1.5\ Let ^ be a sufficiently ample line bundle on X and 
let Hq be a C°° hermitian metric with strictly positive curvature. 

Then for every s G S°, we define the dynamical system of the Bergman 
kernels {Km.s} on the fiber Xg :— f~^{s) as in Section Then we see that 
the hermitian metric 

hm I = l/Km^s 

on A + mKx/s I X° has semipositive curvature by Theorem l3.4l And it extends 
to a singular hermitian metric on ^ + mKx/s with semipositive curvature as 
in Theorem 13.41 Then by Theorem 15.61 we see that hs is a singular hermitian 
metric on Kx/s with semipositive curvature current. This completes the proof 
of Theorem 11.41 Then by Theorem 13.51 we complete the proof of Theorem 11.51 
□ 

Remark 6.1 In \T5^ . I have proved the Nakano semipositivity of f^,Ox{TTiKx/s) 
similar to Theorem ] 1.5\ even when a general fiber is of non-general type. But in 
this case the metric does not come from Kahler-Einstein metrics. □ 
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